The wave nature of heat flow mechanisms, such as lattice waves is discussed. Tan 
I. INTRODUCTION
The use of the Principle of Least Time (Fermat's Principle) to derive Snell's Law of Refraction 1 is well known and commonly presented in introductory physics textbooks. Yet while it is common knowledge that light rays are refracted, less commonly known is that heat flow is also refracted.
Such is unsurprising when one considers that heat is propagated by particles of matter that, like photons, exhibit a wave-particle duality. In solids, "carriers of energy most frequently encountered are the lattice waves and the free electrons." 2 It is well known that electrons have a DeBroglie wavelength of λ = h/p. 3 Heat flow in a metal chiefly takes place due to the movement of free electrons 4 that can be viewed as a highly degenerate electron gas. 2 So as electrons transport thermal energy across a series of metals of differing thermal conductivities, it is reasonable to expect the wave nature of those electrons to experience refraction.
The refraction of heat flow is supported in the literature. Holland discusses an experiment concerning heat flow from a crucible into both solid and liquid silicon, and between each other. Heat flow is observed to be refracted and an analog of Snell's Law is described. 5 Tan and Holland disclose a tangent law (hereinafter the Tangent Law) for thermal refraction of heat flow across a boundary of materials with differing thermal conductivities. The Tangent Law is analogous to Snell's Law, but must be adjusted due to the constraint of heat flow to mathematical tubes, since the heat flow is planer:
where k 1 is the thermal conductivity of conductor 1 and k 2 that of conductor 2.
Further, Bertolotti et al. shows experimental evidence for how a harmonically varying heat source produces thermal waves that are refracted when approaching the interface between two media. 7 Shendeleva discloses reflection and refraction of a plane thermal wave of oblique incidence at an interface. 8 Burt describes combinations of metal that form thermal lenses that either focus or spread heat rays.
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According to Fourier's Law of Heat Conduction, the heat energy flow through a conductor bridging a thermal difference is proportional to the conductor's area A and the thermal difference bridged by temperature difference ∆T , and is inversely proportional to the conductor's length L. 10 This law was formulated by Joseph Fourier in 1822, 11 and can be stated as:
where Q is heat energy, t is time, k is the conductor material's thermal conductivity.
However, Fourier's Law only describes heat flow in a simple linear path through a single medium. Describing heat flow through multiple media can be achieved by the Principle of Minimum Thermal Resistance. 5 If the greatest proportion of heat flows through the path of least thermal resistance, then the total rate of heat flow is maximized. (Feynman et al. provides a more illustrative discussion of how the Principle of Least Time operates over multiple paths. 12 )
A series of two media of different thermal conductivities is the simplest to model. The path of minimum thermal resistance will take a longer route through the material with greater thermal conductivity and a shorter route through the material with lesser conductivity. Hence, the flow of heat is refracted. This is similar to the refraction of light in Snell's Law, where the proportional velocity of photons through each medium determines the light's path. When the most heat flows through the path of minimum thermal resistance, then a particular quantity of heat shall flow through the media series in the least amount of time.
Thus, both the refraction of light and heat flow are a consequence of the Principle of Least Time.
A blackbody, such as a tungsten filament, will attempt to emit both heat and light in all directions. A light ray can be created by blocking the blackbody with a mask permitting light to only pass through a small hole or line. It is likewise conceivable to create a heat ray by similarly masking a source of heat so that most of the heat energy flows in nearly the same direction. In the case of conduction electrons, the ray will travel substantially intact through several mean free paths. However, we do not need to resort to such microscopic considerations to demonstrate thermal refraction. All that is required is a heat source and If this is the material with the greatest conductivity, then the Principle is confirmed, since the chief path of heat flow is taking a longer path through the more conductive medium and resistance is thus minimized. Conversely, the conductor with isotherms that are most parallel to the long dimension should be the material with least conductivity.
For a quantitative experiment, students should record the angle of the most distinctive isotherm in each conductor. This may require patience and several trials, and careful attention to color variation (taking photograph is helpful, but optional). Pressing an ice cube against the conductor corner speeds up the demonstration, but should be sparingly applied. Experimental results for various pairs with uncertainties are shown in Table I . The angles shown are for the path of maximum heat flow, which is simply the isotherm angle subtracted from 90
• . The first member of the pair is closest to the heat source, while the second is closest to the heat sink. Results may vary due to the placement of insulation and hot and cold sources and unmitigated boundary effects. due the the relative slowness of the thermal flow. There is an observed asymmetry in the copper-iron versus iron-copper pairings. This may be due to a thermal barrier formed at the boundary of the two conductors or where the heat sink has more effect than the heat source. This asymmetry will vary due to experimental set-up, and would need to be taken into account to reduce error.
III. EXPECTED RESULTS
To quantitatively verify whether the results are consistent with the Principle of Least
Resistance, plug Angle 1 into the Tangent Law: In optics, to make a prediction for Snell's Law for two media in series, only the indices of refraction and the incident angle are required. However, in the case of thermal refraction, it is not possible a priori to establish either of the angles as an independent variable. However, additional information is known in this demonstration: the dimensions of the conductors.
So it is possible to predict where the path of maximum heat flow will intersect the boundary of the two thermal conductors, a point we call x. (Predicting the equivalent of x for Snell's Law involves solving a quartic equation that is beyond the scope of this paper).
Since the derivation of the Tangent Law of heat refraction is less commonly known than the derivation of Snell's Law, we provide a derivation in part drawn from Tan and Holland 6 , but using the set-up of our demonstration. Length L is the longest dimension and height h refers to the two identical shorter dimensions (one of which cancels out) of the conductors.
We define thermal resistance R as:
where ρ is the thermal resistivity (1/thermal conductivity k) of the material, while l is the length and A the cross-sectional area of a "tube" of heat flux, respectively. As discussed above, the greatest amount of heat will flow through a tube along the path of least thermal resistance. We assume that the thermal resistivity of each particular material is constant.
Otherwise, if thermal resistance varies continuously throughout the media, we have to use calculation of variations techniques, just as would be the case when light propagates in non-uniform media.
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We have two media with resistivities ρ 1 and ρ 2 . Assume that heat flux travels between two fixed points P and Q located in the two media. Let A be the slant area of the flux tubes intercepted by the interface. It follows then that the cross-sectional areas of the tubes of flux in the two media are:
A 1 = A cos θ 1 and
As a result, we obtain the thermal resistance as:
Since cos θ 1 = h 1 l 1 and
we obtain
A h 2 .
Then substituting
, into the equation, we obtain
Differentiating (2) with respect to x once, we obtain
Differentiating again, we obtain:
which is positive. So R achieves a minimum at x where x satisfies dR dx = 0.
So setting (3) to 0, we get:
and therefore, when substituting 1/k for ρ, is equivalent to the Tangent Law (1) shown earlier:
However, we wish to predict the angles, which means we will back up a step and solve for x. We rearrange (4), noting for our demonstration that h 1 = h 2 (hereinafter simply h) and thus cancels out:
so that
Then the angles will be:
We now have enough information to predict the angles for a series of two conductors. Another version of the simulation has been written in Ruby on Rails, which is ready for immediate use on the world wide web. It can be used by anyone and works with most web browsers. Neither a command line nor knowledge of any code is required. It is useful for anyone who wants to quickly make predictions for the above experiment using the Tangent Law, but is especially suitable for students who do not know how to run programs.
The Ruby on Rails simulation is written in version 3.1 (using Ruby version 1.9.2) and placed on the internet as a web application. Its Start view is shown in Fig. 2 . The Ruby on Rails simulation can be found at: <http://www.heatsuite.com/?page_id=118>
FIG. 2. Ruby on Rails simulation Start view
Experimental results are tested against the Tangent Law simulation in Table III and   Table IV . Note that each expected angle is generated solely from the Tangent Law independently of the other angle, so only the uncertainty of that angle is applicable. There is an uncertainty associated with the dimensions of the conductors, but it is modest compared to that of the angle measurements. This allows us to reduce the uncertainty to ±15
• .
Results using this simulator can be found for copper paired with various other conductors in Table V 
VI. CONCLUSIONS AND EDUCATIONAL APPLICATIONS
This colorful classroom experiment demonstrates variational principles to introductory physics students, the wave-particle duality of matter, and an important characteristic of heat flow. It is simple to set up and uses easily-obtained materials. If performed in conjunction Appendix: Why Ruby?
Ruby
Ruby is a good first language to learn, because it is simple to read, understand and use. It is quantitatively robust, and it contains many of features of modern, higher level languages such as object-oriented programming. Computer scientist Yukihiro Matsumoto developed Ruby and first released it in 1995. Ruby draws from Perl, Smalltalk, Ada, and
Lisp. 15 When creating Ruby, Matsumoto strived to develop "a scripting language that was more powerful than Perl, and more object-oriented than Python ... Ruby is designed to be human-oriented. It reduces the burden of programming. It tries to push jobs back to machines. You can accomplish more tasks with less work, in smaller yet readable code." 
